New algorithm for evaluating a point on a Bézier curve and on a rational Bézier curve is given. The method has a geometric interpretation and a convex hull property. The computational complexity of the new algorithm is linear with respect to the degree of the considered curve, and its memory complexity is O(1).
Introduction
Let there be given the points W 0 , W 1 , . . . , W n ∈ E d (n, d ∈ N). Let us consider the Bézier curve of the form For a given t ∈ [0, 1], the point P n (t) ∈ E d can be evaluated by famous de Casteljau algorithm (see, e.g., [4, §4.2] and Appendix), which has a simple geometric interpretation, a convex hull property, and has good numerical properties. However, the computational complexity of this method is O(dn 2 ), which makes it quite expensive.
Probably, the fastest way to compute the coordinates of the point P n (t) ∈ E d is to use the algorithm proposed in [5] for evaluating a polynomial p given in the form Note that some other methods for evaluating a point on a Bézier curve are also known. See, e.g., [1] and papers cited therein.
Let R n be a rational Bézier curve in E d ,
where weights ω 0 , ω 1 , . . . , ω n ∈ R + . To compute the point R n (t) ∈ E d for a given t ∈ 
New method
Let R n be the rational Bézier curve (1.3). Let us fix: numbers t ∈ [0, 1], n ∈ N, weights ω 0 , ω 1 , . . . , ω n > 0 and points
Let the quantities h k and Q k (k = 0, 1, . . . , n) be computed recursively by the formulas:
,
In Section 3, we prove the following theorem.
Theorem 2.1. For all k = 0, 1, . . . , n, the quantities h k and Q k satisfy:
Moreover, we have R n (t) = Q n .
In each step of the new method, the point Q k being the convex combination of points Q k−1 and W k is computed. The last point Q n is equal to the point R n (t). Thus, we obtain the new linear-time geometric algorithm for evaluating a point on a rational Bézier curve, which has a convex hull property. For efficient implementations, see Section 4.
Note that if all weights ω k are equal then Q n = P n (t) (cf. (1.1)). Thus, the new method can also be used to evaluate a point on a Bézier curve. Figure 2 .1 illustrates the new method in case of a planar Bézier curve of degree n = 5.
Proof
Let us present the proof of Theorem 2.1. Let us fix numbers t ∈ (0, 1), n ∈ N, weights ω 0 , ω 1 , . . . , ω n > 0 and points
Let us define the following quantities:
, (1.3) ), and
By doing some algebra, one can prove that the quantities h k satisfy the following nonlinear recurrence relation:
One can also check that the identity
, which implies that the method presented in Section 2 has a convex hull property.
Note that for t = 0 the method gives W 0 (more precisely, in this case:
, and for t = 1 it gives W n (more precisely, in this case:
The proof is completed.
Implementation and cost
Let us give efficient and safe-from the numerical point of view-implementations of the new method, which has O(dn) computational complexity and O(1) memory complexity.
Algorithm 4.1 First implementation
1: procedure NewRatBézierEval(n, t, ω, W)
2:
h ← 1 3:
Q ← W 0 6:
end for 12:
return Q 13: end procedure
The first implementation requires (3d + 8)n + 1 floating-point arithmetic operations (flops in short) to u ← t/u 8:
end for 14:
u ← u/t 16:
19: The number of flops can be decreased to (3d + 7)n + 2. However, for numerical reasons, it is necessary to use a conditional statement. More precisely, one has to check whether t ∈ [0, 0.5] or t ∈ (0.5, 1], which can be easily done (it is enough to check the sign of an exponent of a floating-point number t). See Algorithm 4.2.
Note that in the case of Bézier curves (1.1), one only needs to set ω k := 1 (0 ≤ k ≤ n) in the given algorithms. It means that the number of flops is respectively equal to (3d + 6)n + 1 (cf. Algorithm 4.1) and (3d + 5)n + 2 (cf. Algorithm 4.2).
Bézier curve rational Bézier curve new method (cf. Alg. 4.2) (3d + 5)n + 2 (3d + 7)n + 2
de Casteljau (cf. Appendix) 3dn(n + 1) 2 + 1 (3d + 5)n(n + 1) 2 + 1 The total numbers of flops for the new algorithms, as well as for de Casteljau algorithms (see Appendix), which also have a geometric interpretation and satisfy a convex hull property, are given in Table 4 .1.
Observe that in the case of Bézier curves, the quantities h, which are computed in the new algorithms, do not depend on the control points. One can use this fact in the fast evaluation of M Bézier curves of the same degree n for the same value of the parameter t. Such a method requires (3dM + 5)n + 2 flops while the use of the de Casteljau algorithm means that all computations have to be repeated M times, i.e., the number of flops is equal to 3M dn(n + 1)/2 + 1.
Generalizations
The presented approach can be generalized. Let b k : D → R (k = 0, 1, . . . , N ; N ∈ N) be the real-valued multivariable functions such that
Algorithm 5.1 Evaluation of a point S N (t)
end for 8: return Q N 9: end procedure Let us define the rational parametric object
where ω k > 0, and
For a given t ∈ C, the point S N (t) ∈ E d can be evaluated by Algorithm 5.1. 
Moreover, S N (t) = Q N .
Note that Algorithm 5.1 has a convex hull property. The cases of polynomial and rational rectangular, as well as triangular, Bézier surfaces were considered in detail in [2] .
Appendix. Implementations of de Casteljau algorithms
For the reader's convenience, let us also present the efficient implementations of de Casteljau algorithms which have O(n) memory complexity. See Algorithm A.1 and Algorithm A.2. The total numbers of flops for these methods are given in for k ← 1, n do 7:
for i ← 0, n − k do 8: 
